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languages, with a focus on higher-order functions, parametric types, and shared mutable state — features that
are only partially supported by current techniques as employed in Rust. While prior work has established key
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stronger metatheoretic properties have so far been unexplored. This paper presents an alternative semantic
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interest: (1) semantic type soundness, including of not syntactically well-typed code fragments, (2) termination,
especially in the presence of higher-order mutable references, (3) effect safety, especially the absence of
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for parallelization or compiler optimization.
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1 Introduction

Reachability types are a recent proposal to bring Rust-style reasoning about memory properties
to higher-level languages. Instead of Rust’s rigid “shared XOR mutable” model, reachability types
emphasize tracking of resources such as mutable references using type qualifiers, which enables
richer programming patterns, e.g., based on sharing captured mutable data, in languages that make
pervasive use of higher order functions and type-level abstraction.

In prior work, key type soundness results for reachability types have been established [Bao et al.
2021; Wei et al. 2024] using the usual syntactic techniques of progress and preservation [Wright and
Felleisen 1994] with respect to (w.r.t.) a small-step, substitution-based, operational semantics. These
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results assure us that reachability information is preserved through evaluation, serving, e.g., as an
informal justification that expressions with non-overlapping reachability can be safely evaluated in
a different order or in parallel. Likewise, prior work [Bao et al. 2021; Wei et al. 2024] has proposed
that reachability types could be used as the basis for effect systems to track (the absence of) store
modifications in a fine-grained way, e.g., to parallelize overlapping reads as long as there are no
conflicting writes. However, no end-to-end formal proof of such properties exists so far, and in
general, stronger metatheoretic properties beyond basic type safety have been left unexplored.

We address this gap by presenting an alternative semantic model of reachability types using
the technique of logical relations [Ahmed et al. 2009; Benton et al. 2007; Plotkin 1973; Tait 1967;
Timany et al. 2024], providing a framework in which to study key properties of interest such as
semantic type soundness, termination, effect safety, and contextual equivalence.

Bottom-up Design of Logical Relations. We construct logical relations (LR) for a family of
reachability type systems with increasing sets of features. Our starting point is the standard LR for
the simply-typed A-calculus with first-order references, which we augment with internal invariants
to track the flow of store locations, without restricting expressiveness (Section 2). From these added
invariants, we “rediscover” reachability types by propagating certain choices to qualifiers in the
user-facing type system (Section 3). Then, we scale up the set of features, from first-order mutable
references to higher-order mutable references (Section 3.5), from tracking all mentioned references
uniformly to distinguishing reads and writes (Section 3.6), and from a unary LR to a binary LR
(Section 4) to support equational reasoning (Section 5).

Semantic Type Soundness. The most immediate result from the LR model is semantic type
soundness. As Timany et al. [2024] have argued, semantic type soundness is a stronger notion
than syntactic type soundness, so our semantic type soundness result has significance beyond the
existing syntactic results [Bao et al. 2021; Wei et al. 2024]. First, semantic type soundness does not
require terms to be syntactically well-typed, just to behave in a well-typed way, e.g., disregarding
ill-typed branches that are never taken. Thus, it provides a foundation for studying potentially
unsafe features and interactions with the outside world. Second, unlike prior results [Bao et al. 2021;
Wei et al. 2024] that were established w.r.t. a small-step operational semantics based on substitution,
we adopt a big-step operational semantics based on closures and environments. Thus, our results
map more closely to realistic language implementations.

Termination. The LR model actually proves a stronger property than the absence of type
errors, namely that evaluation of all well-typed terms must terminate with a well-typed value. This
termination result is interesting in addition to soundness. First, the reachability type systems in
Section 3.5 and beyond contain several non-trivial features such as nested mutable references and
self references in function qualifiers, whose termination properties are non-obvious. Second, our
LR model is defined by simple structural recursion on types, with a store typing invariant that
precludes cycles in the store. This is in contrast to other recent work, which proposed a form
of transfinite step indexing to prove termination for a feature-rich language with higher-order
state [Spies et al. 2021]. In comparison, our model achieves a similar result but is entirely elementary
and requires neither step-indexes, nor advanced set-theoretic concepts, nor classical reasoning.
More broadly, the termination result is both reassuring, in the sense that reachability types can
support flexible mutation in places where termination is required (e.g., dependent type systems) but
also points out a non-obvious limitation in prior work [Bao et al. 2021; Wei et al. 2024], namely the
inability to construct cyclic heap structures such as doubly-linked lists. We leave it to future work
to study this limitation and possible remedies further. Recently, promising steps in this direction
were made by Deng et al. [2025].
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Effect Safety. The built-in store invariants of the LR model guarantee that an expression can
only observe or modify reachable store locations. Thus, reachability provides a natural upper bound
on potential side effects. Specifically, the latent effect of a function is limited to the store locations
reachable from the function and any locations reachable from the provided argument. In Section 3.6,
we extend our LR model with an effect system that tracks write effects on sets of variables in addition
to reachability. With this added precision of distinguishing pure observations from effectful write
operations, we are able to prove an effect safety theorem, stating that all store changes are covered
by write effects, i.e., pure expressions never cause any observable effects. While similar extensions
have been proposed in prior work [Bao et al. 2021; Bracevac et al. 2023a], no end-to-end proofs of
effect safety have been provided so far. And in fact the desired properties are non-trivial to capture
using progress and preservation, since effects are “performed” during reduction and not preserved
in the types of values.

Program Equivalence. We extend our unary LR to a binary LR model in Section 4 to support
equational reasoning, and we prove key equivalences in Section 5. This equational reasoning
framework is significant as it provides a foundation for parallelization and for a variety of effect-
based compiler optimizations in the style of Benton et al. [2007] or Birkedal et al. [2016]. First,
we prove a reordering theorem for non-interfering expressions which justifies parallel execution.
Second, we prove f-equivalence for functions applied to pure and non-interfering arguments. This
result shows that the evaluation semantics used here is consistent with substitution (specifically,
substitution with values), despite not using substitution internally. It also justifies function inlining
as a compiler optimization, e.g., in the context of Bracevac et al. [2023a]’s compiler IR based on
reachability types for dependency analysis. We formulate equivalences for the calculus with and
without effect qualifiers (Section 3.6) and show that write effects enable a more precise notion of
non-interference than pure reachability.

Contributions. In summary, this paper makes the following contributions:

o We review the standard LR model for simply-typed A-calculus with first-order mutable refer-
ences, and discuss how adding certain store invariants leads to reachability types (Section 2).

e We present a unary logical relation that establishes semantic type soundness as well as
termination for types with reachability qualifiers (Section 3).

o We extend the calculus to support higher-order mutable references and show that the system
remains sound and terminating (Section 3.5).

o We extend the calculus with an effect system including an effect safety invariant, guaranteeing
that pure expressions have no observable side effects (Section 3.6).

e We extend the model to a binary logical relation to support relational reasoning w.r.t. the
observational equivalence of two programs (Section 4).

e We prove a reordering theorem for non-interfering expressions and f-equivalence for functions
applied to pure and non-interfering arguments (Section 5).

The formal results in this paper have all been mechanized in Rocq. The developments are available
online at https://github.com/tiarkrompf/reachability, together with an extended version of this
paper [Bao et al. 2025].

2 Motivation
2.1 Brief Review of Reachability Types

Reachability types [Bao et al. 2021; Wei et al. 2024] are a recent proposal to bring Rust-style
reasoning about memory properties to higher-level languages, specifically reasoning about sharing
and the absence of sharing: separation. Reachability types are based on four key ideas:
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(1) Tracking reachable variables in type qualifiers: Types are of the form T?, where p is a
reachability qualifier, a set of variables that may additionally include the freshness marker ¢.

val x = new Ref(0) // : Ref[Int]* in context [ x: (Ref Int)* ]
val y = x // : Ref[Int]Y in context [ y: (Ref Int)*, x: (Ref Int)* ]

The value of expression new Ref(0) is fresh: it must be tracked, but is not bound to a variable. The
typing context x : (Ref Int) * means x reaches a fresh value. The type system keeps reachability
sets minimal in type assignment, i.e., in the example, we assign the one-step reachability set y to
the type of variable y. The complete reachability set y,x ! can be retrieved by computing transitive
closures w.r.t. the typing context [Wei et al. 2024].

Functions can reach all tracked values they close over. Thus, the reachability qualifier of a
function includes the set of its free variables, consistent with the interpretation as a closure record:

def incr() = { x += 1} // : (() => Int)* in context [ y: (Ref Int)*, x: (Ref Int)* ]

(2) Contextual freshness for function arguments: Reachability types can implement Rust-
style borrowing that grants unique access to a store location while temporarily disabling other
access paths. The following code defines a combinator borrow: ?

/7 : ((z: (Ref Int)*) => ((Int => Int)* => Unit)?)?

def borrow(z: (Ref Int)*)(f: (Int => Int)*) = { z := f(!z) }

A fresh argument type means that the locations reachable from the argument and the function
must be mutually disjoint, so that the function cannot observe any potential overlap with variables
in the environment. This extends naturally to curried arguments such as z, f above:

val d = new Ref(0)
borrow(x)(y =>y + !d) // ok: argument type (Int => Int)9 is fresh relative to borrow(x)

)1ncr

borrow(x) (y => incr()) // type error: argument (Int => Int overlaps with borrow(x) via x

The first function call typechecks as the arguments are separate and fresh relative to the partially
applied function borrow(x), but the second does not, as both the passed closure and the partially
applied function reach x.

(3) Self references to approximate reachable data for escaping values: The type system
uses self-references in function types to track reachable values that escape from their defining scope.
Our self references are similar to this pointers in OO languages, as formalized, e.g., in the DOT
family of type systems [Amin et al. 2016; Rompf and Amin 2016].

def cell(init: Int) = { // : Int = (uf.() => (Ref Int)")*

val ¢ = new Ref(init) // : (Ref Int)©

() =>c // : (() => (Ref Int)®)¢
} // ¢ (uf.() => (Ref Int)")* introduce self-ref to avoid local variable c
val z = cell(0) // : (() => (Ref Int)*)? 1instantiate self-ref f with bound name z

The above function cell returns a closure that captures and leaks the internal reference c. Once
the closure escapes its defining scope, the variable c is no longer in scope, and thus cannot be
mentioned in its type, as doing so would make the type meaningless to clients. > Thus, we use
self-references in its type instead. The escaping closure is a fresh value before being bound to z. Its
return type uses a self-reference introduced by the p-notation (similar to DOT) to express that the
returned value overlaps with the closure itself. Like this pointers in OO languages, self-references

IFor readability, we often drop the set notation for qualifiers and write them down as comma-separated lists of atoms.
ZReachability types is a dependent type system, allowing a function’s result type to mention its argument.

3The return type can only mention what is in scope, and needs to avoid any variable names going out of scope. This is
called the “avoidance problem” in the context of ML modules and other languages with restricted forms of dependent types
(e.g., DOT [Amin et al. 2016; Rompf and Amin 2016]), where substitution is not always permitted.
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Syntax

S,T,U,V := Bool| T —>U|RefT Types v u= c|t]|(H, Ax.t) Values
c = true | false Constants ' == | x:T Typing Environment
t = c|x|Axt |t by Terms H := @|H;(x,0) Value Environment

| reft|!t| =ttt o = @]|o;(to) Store

Typing Rules

——— (1-CST7) I'(x)=T T + t: Bool T + t: Ref Bool
T + c: Bool ——  (T-VAR) ——— (T-REF) —_ (1!
F'rx:T T + ref t : Ref Bool T +!t: Bool
T + t; : Ref Bool T + t; : Bool T'rH:T—>U
T + t5: Bool T + t : Bool I,x:T+rt:U Trit:T
—— (T=) ————— (T-SEQ) ————— (T-ABs) ——— (T-APP)
T+t :=t:Bool T + t1;ty : Bool TrAxt:T—->U Trhth:U

Fig. 1. The syntax and static semantics of Ag. We use type Bool as a representative type for primitive types,
e.g., TUnit and TInt. Thus, assignments (rule T-:=) return type Bool.

provide a way to tie hidden internal data to an externally visible identity, allowing us to track it
throughout the interaction with the caller.

(4) Tracking effects: Reachability qualifiers provide a capability to reason about effects. Specif-
ically, a function’s qualifier is as an upper bound on what the function can observe or modify
from the context. Effects can be tracked even more precisely if the type system is extended with
a reachability-sensitive effect system [Bao et al. 2021; Bracevac et al. 2023a,b]. This enables, e.g.,
distinguishing reads and writes on the same store reference. In this paper, we focus on tracking store
modifications as write effects (Section 3.6). This allows us to distinguish pure from effectful code.
This distinction also provides additional precision for program equivalence (Section 5). Consider
the following example, where variables x and y are aliased.

val x = new Ref(5); val y = x; val z = new Ref(1)

y 1=y + 1z // : @wr(y) in context [z: Ref[Int]*, y: Ref[Int]*, x: Ref[Int]*]
Incrementing the content of y by the value referenced by z induces a write effect (@wr) on variable y,
and transitively on x too, but not on z. Thus, such an effect system can be used to show that values
(e.g., the referent of z) are preserved over a potential effectful computation [Bracevac et al. 2023b].

Towards a Semantic Model of Reachability Types. Having seen key examples of reachability
types, we will now recap the structure of semantic type soundness via the standard A-calculus LR
definitions, and then proceed to “rediscover” reachability types from semantic store properties.

2.2 Semantic Soundness of Ag

After introducing the standard LR model for simply-typed A-calculus (STLC), we will add high-
level semantic store invariants in Section 2.3 that track the flow of store-allocated values without
restricting the set of typeable terms. Setting the scene for Section 3, we show how these semantic
invariants naturally lead to the idea of exposing the corresponding information through user-facing
type qualifiers, so that the flow of store-allocated values can be tracked and controlled by the
programmer. We thus rediscover reachability types from first principles, and justify them in a
semantic rather than syntactic way.

The Ag Language. Fig. 1 shows the syntax and typing rules for Az, STLC with first-order store-
allocated mutable references (restricted to hold Boolean values). The definitions are mostly standard,
and can be found, e.g., in the popular TAPL textbook [Pierce 2004]. We use a big-step semantics with
a value environment H and a store o, where H is a partial function that maps variables to values,
and o is a partial function that maps locations to values. We write ¢, H, ¢ | v, ¢’ to denote that
term t is evaluated to value v, resulting in a store transition from o to ¢’. The value environment
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Interpretation of Value Reachability
L(c)=2 L(e) ={¢} L((H, Ax.t)) = L(fv(Ax.t))u L(q)r = Uxeq L(H(x))
Semantic Interpretation of Types, Terms, and Typing Contexts
Su=0@ |2 0:V
sc3 % veredom(z) = (¢ e dom(Z) AS(e) =3 (¢))

scry % L cdom(Z) AL Cdom(3’) A (Ve eL.2(f) =3/ ()
o:% % dom(o) = dom() A (Ve € dom().a(£) € 3(¢))

oora ¥ vee dom(o). £ ¢ L= o(f) =0’ (f)

V[[Bool]] = {(H, %, ¢)}
V[[Ref Bool]] = {(H, =, £) | £t € dom(Z) A (VZ'.(veE () & (H,¥,v) € V[[Bool]]))}

VIT - U]l = {(H = (H, Ax.t)) | Vo, 0, Y. (DS CLu, axe) 3 Ao’ A
(@L(v) € L({H, Ax.t)) UL((H, Ax.t)) A (H,3', v) € V[[T]] =
67,30 t, H;(x;0), o L0, 0" Ao’ 3" AS CS A (H 3, 0)eV[UJA
(L(v') € L({H, Ax.t)) UL(0) U dom(Z") A (@) 0’ — (L((H, 1x.t) UL()) 0" }

E([T1 = {(H 2 ¢t)| VYo.0:Z AT, 2, v.t, H o, 0 Ao’ : 3 ASCIA
(H, ¥, ") e V[[T]] A L(¢') C L(fv(2))g U dom(Z) A o’ —>Litw(t)u o’ }

G[[T?]l = {(H,2) | dom(H) =dom(T) A @ Cdom(l) A (Vx,T.T(x)=T A x€ ¢ =
(H, %, H(x)) e VIITID}

fo(t
Semantic Typing Judgment T =::T < v3) egrV?

1. (H, %, t) € E[[T]]

Fig. 2. The value interpretation of types, terms, and typing context interpretation for Ag. Formula () is a
tautology here, but we will see that our reachability qualifiers can specify how argument values nontrivially
interact with function values in Section 3. The highlighted formulas demonstrate that the knowledge about
locations reachable from given values allows the proof to track properties of an effectful operation, i.e.,
properties of locations unreachable during an operation will be preserved.

is immutable, as is standard. Evaluating each sub-term in a sequence t;; ¢, term yields a Boolean
value, and the overall result conjuncts the sub-terms’ resulting values. 4 Other definitions of the
semantics are standard, and can be found in the extended version of this paper [Bao et al. 2025].

Following [Amin and Rompf 2017; Ernst et al. 2006; Siek 2013; Wang and Rompf 2017], in the
proof of semantic type soundness, we extend the big-step semantics | to a total evaluation function
by adding a numeric fuel value and explicit timeout and error results. Note, however, that while
the operational semantics is step-indexed in this way, the logical relations we define are not, and
could be defined just as well with a partial (big-step or small-step) evaluation semantics.

Modeling Stores. Considering the restriction to first-order references here, the store layouts are
always “flat”, ie., free of cycles. To specify well-typed stores, we use a store typing 3 that maps
from locations to semantic types. A semantic type is a set of values (V). Observing the semantics,
a store always grows monotonically during the course of evaluation, which is modeled by the
store typing extension relation, written ¥ C X’. Store typing extension satisfies reflexivity and
transitivity. Given a store o, we write ¢ : X to mean that o is well-formed w.r.t. the store typing X.
Fig. 2 (top, ignoring the highlighted formulas) summarizes the definitions of these notations.

4To verify that reordering two terms (rules in Section 5.1) yields equivalent results, we have to choose a commutative
operation to combine the results. The most natural would be to combine the two results into a pair, but this would require
either including pairs in the base language, or using a A-encoding. Instead, we chose to allow each sub-term to yield a
Boolean value, as it captures the essential property with less complexity than those alternatives approaches.
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Value Interpretation of Types and Term Interpretation. Fig. 2 (middle) defines the value
interpretation of types, as well as the term and typing context interpretations, ignoring the high-
lighted formulas for now. The value interpretation of type T, written as V[[T]], is a set of triples of
form (H, %, v), where H is a value environment, ¥ is a store typing, and v is a value.

The values of type Bool are true and false; the values of reference type Ref Bool are store locations
that store a value of type Bool. The set of values of function type T — U w.r.L. store typing ¥ is
defined based on its computational behavior. It says that for all future stores ¢’ : 3’, where > C ¥/,
for any value v of type T w.r.t. store typing X', if evaluating the function body in the extended
value environment with store ¢’ results in a value of type U, a store ¢/, and a store typing X",
such that ¢” : 3" and 3’ C X", then we conclude that the function values are valid at type T — U
w.r.L. store typing Y. Note that we inline the term interpretation to characterize the function body’s
computational behavior.

A term ¢t has type T w.r.t. store typing ¥ if for all o : 3, term ¢ evaluates to a value of type T, a
final store ¢’ and a store typing ', such that ¢’ : ¥’ and X E ¥".

The Compatibility Lemmas, Fundamental Theorem and Adequacy. The semantic typing
judgmentT' |= ¢ : T is defined in Fig. 2 (bottom, ignoring the highlighted formula). It means that
term ¢ inhabits the term interpretation of type T under any value environment H and store typing X
that satisfies the semantic interpretation of the typing context G[[T]], as defined in Fig. 2 (bottom).
The semantic typing rules have the same shape as the syntactic ones, but turning the symbol + (in
Fig. 1) into the symbol [=. Each of the semantic typing rules is a compatibility lemma.

Theorem 2.1. (Fundamental Theorem of Unary Logical Relations) Every syntactically well-typed
term is semantically well-typed, i.e., if T + t : T, thenT |Et: T.

The following theorem entails that a semantically typed term always terminates. The termination
property is defined as part of the semantic typing judgment.

Theorem 2.2. (Adequacy of Unary Logical Relations) Every closed semantically well-typed term t
issafe:ifo = t:T,then3v,0.t, @, @ || v, 0.

The fundamental theorem (Theorem 2.1) follows immediately from the compatibility lemmas,
and Theorem 2.2 (Adequacy) and semantic type safety follow from the fundamental theorem
(Theorem 2.1) and the definition of semantic term interpretation I' = ¢ : T and E[[T]].

2.3 Rediscovering Reachability Types

The logical definition allows us to establish strong theoretical re- def m() {
sults such as semantic type soundness and termination but remains ~ val x = new Ref(1)

fairly limited in describing program behavior in other ways. Firstly, =~ val y = new Ref(2)

it does not allow us to prove the assertion true on the right, as ~ def f O ={y+=11}
the logical definition does not say anything about preserving store ()
assert (!x == 1)

values across certain operations. Secondly, the assertion statement
gets stuck if !'x == 11is false, thus it is an unsafe feature [Timany
et al. 2024], although the example uses it safely, which cannot be  Fig. 3. Safe use of unsafe feature
proven using the given logical definitions. ¢ 7 encapsulated in function m.’
The highlighted formulas in Fig. 2 illustrate that information about reachable locations from
given values can give us useful semantic store invariants. We first introduce function L(v) (Fig. 2,

}

5The code that omits the assertion statement can be encoded as a sequence of A-abstractions and applications in our systems.
Those are not the general motivations behind reachability types, but rather to give an explanation for some requirements
of an effective logical relations model. Please refer to prior works [Bao et al. 2021; Wei et al. 2024] for general motivation.
7See an informal justification of the safe use of the assertion statement in Fig. 3, using our binary logical relations in
Section 4.3, but our goal is not primarily to verify safe use of general unsafe code like Jung et al. [2018a]’s work.
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top) that computes reachable locations from value v. In Fig. 3, function m reaches what its free
variables reach; i.e., @.

With the knowledge of reachable locations, instead of using the standard definition of store typing
extension, we introduce relational store typing (RST), written as ¥ CL X/, which parameterizes the
definition of store typing extension with reachable locations L. RST is symmetric, allowing ¥’ to
be defined from ¥, such that they agree on L, leaving the remainder unspecified.® The standard
definition of store typing extension ¥ C X’ can be defined as X Cdom(z) X'.

The Time Travelling Property. Now the reasoning can time travel between a past store typing
and another (possible future) one back and forth, as long as they agree on reachable locations, i.e.,
formula (?), which is characterized by the following lemma:

Lemma 2.3 (Time Travelling). If (H,X,0) € V[[T]], and ¥ E1(v) &', then (H,¥",0) € V[[T]].

The lemma allows us to establish that the triple (H, ¥, v) is a valid element of V[[T]] if we know
(H, %, v) is valid as long as the two store typings agree on the locations reachable from value v.

In the interpretation of function types, formula (1) states that types are only preserved w.r.t.
reachable locations from function values, which gives us a degree of local reasoning, as ¥’ does
not assume anything from X that is not reachable from the function value. Under this assumption
together with the argument value being semantically well-typed in ¥’, the safe reduction of the
function body implies that functions can only access locations reachable from their arguments
and themselves. This characterizes a separation logic [O’Hearn et al. 2001; Reynolds 2002] style of
reasoning, but without enforcing exclusiveness of ownership, uniqueness, or immutability.

In the example of Fig. 3, formula (7) implies no store locations are needed in the pre-store (specified
by X), characterizing proper encapsulation. In function m, function f reaches what y reaches, which
is separate from what x reaches. Thus, we can prove the assertion true by formula (2.

In addition, with the reachability information, the value interpretation of function types can
also know that an argument is either separate from the function, or has some overlap with the
function (formula (2)). This is a tautology here, but we will see that our reachability qualifiers can
specify how argument values nontrivially interact with function values in Section 3. The return
value may further reach fresh locations (formula (3)). In the proof context, we know fresh locations
are part of ¥”, so it is redundant to use X" — 3’ here. A similar refinement is adapted to the term
interpretation. Now, for Ag, the semantic typing judgment for open terms ¢ can be localized to t’s
free variables, as formulated by the highlighted formula in Fig. 2 (bottom).

Having added these semantic store invariants to the logical relation, why don’t we expose them
to the programmer as features of the type system? This is precisely the idea of reachability types.

3 Semantic Type Soundness of 13

In this section, we first present the reachability type system A3 that tracks aliasing and expresses
values reachable from a given expression’s result, define its value interpretation of types and terms,
and present the semantic typing rules and show semantic type soundness. Then, we present A* (in
Section 3.5) that extends A3 to support higher-order mutable references. Finally, we present A? (in
Section 3.6) that extends A* with observable write effect qualifiers, demonstrating a stronger value
preservation property than what is defined for A*.

3.1 The A3 Language

Fig. 4 shows the parts of A3}’s syntax that differ from Ap. A complete definition can be found in the
extended version of this paper [Bao et al. 2025]. Terms follow Ap, except that A terms are in the
form of (Ax.t)4, carrying a reachability qualifier g that includes the function’s captured variables.

8Starting from Section 3, we adopt the notation = =1 ¥’ to reflect the symmetric nature of the RST.
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Syntax A3
r,s €  Pgn(Varw {¢} w{6}) Function Domain/Codomain Qualifiers
p,o € Prin(Varw {e}) Reachability Qualifiers ¢,q €  Pfin(Var) Observations
S, T,U,V == Bool|Ref TP Types v = c| | (H, (Ax.t)4) Values
| (x:T$)->UT r 2= @|T,x:TP Typing Env

Fig. 4. The parts of Ag’s syntax that differ from Ap. Differences from Ap (in Fig. 1) are highlighted.

Ay adds reachability qualifiers to its type language and allows dependent function types, which are
in the form of (x : T*) — U', where both argument and return types are qualified. The codomain
U” may depend on the argument x in its qualifier . To avoid dealing with deep substitution, we
prohibit references to x from inside U. This restriction is purely technical; some prior works [Wei
et al. 2024] do allow deep references, but this choice does not appear to impact expressiveness in
any significant way [Jia et al. 2024] as deep references can also be modeled indirectly via chains of
argument and self-references.

Following prior works on reachability types [Bao et al. 2021; Wei et al. 2024], types in A3} are of
the form T 7, where p is a reachability qualifier, a finite set of variables that may include the distinct
freshness marker ¢, representing the values reachable from the given expression’s result.

For simplicity, we introduce a self-reference marker 6, rather than formalizing self-references
Af as a binder of a A term (as in prior works [Bao et al. 2021; Wei et al. 2024]). The self-reference
marker ¢ may appear in the qualifiers of a function’s argument and its result, often expressed by
the symbols s and r as shown in Fig. 4. If present, it denotes that the corresponding value may reach
what the function reaches. This simplified formalization does not change the use of self-references
in prior works [Bao et al. 2021; Wei et al. 2024], but frees us from engaging in reasoning about
recursion within the logical definitions, which could otherwise be done using well-established
techniques such as step-indexing [Ahmed et al. 2009; Ahmed 2004; Appel and McAllester 2001].

Mutable reference types Ref T? track the known aliases of the value held by the reference. We
use observation ¢, which is a finite set of variables, to specify which variables in the typing context
I are observable, where the typing context assigns qualified typing assumptions to variables.

3.2 Store Typing and Semantic Typing Context

We refine the definition of store typings from Fig. 2 by adding reachable locations to each entry.
Now, a store typing X maps from locations to pairs of semantic types and reachable locations, as
shown in Fig. 5. A store o is well-defined w.r.t. store typing ¥ if each location ¢ in o stores well-typed
values (w.r.t. ), which reach the empty set of locations, i.e. L(a(¢)) € @. This condition reflects the
restriction in AE, where reference types are limited to the form of Ref T2, i.e., the referent of a
reference does not reach any locations. This restriction is relaxed by A* in Section 3.5.

Our logical definition is established on a well-defined logical program state, which is defined in
the semantic typing context G[[T ?]] shown in Fig. 5 (bottom). The logical program state specifies
what can be observed by the observation ¢, as anything outside the observation is irrelevant. In
terms of encapsulation safety, the observation can also be considered as a boundary to another
world. The semantic typing context defines two reachability invariants: Inv, and Invs. Invariant
Inv, states that locations reachable from non-fresh values are bounded by those from its qualifier.

Invariant Invg states that reachability qualifier intersection distributes over locations w.r.t. quali-
fier saturation, which is written as p=. This invariant is critical for function applications, where
one needs to ensure an argument value is permissible to invoke the function by inspecting the ar-
gument’s qualifier against the prescribed separation/overlapping from a function’s type. Following
Wei et al. [2024]’s work, we assign minimal variable sets (called one-step reachability) and compute
transitive closures when checking separation/overlapping. Fig. 5 (top) recaps their definitions of
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Interpretation of Value Reachability Ay

Licy=2 LO)={t} LKH (Ax0)7))=[lqllz  [lqllg = Uxeq L(H(x))

Variable Reachability and Qualifier Saturation

Reachability Relation ['rx~> y&o x:T?Y €T Variable Saturation I Fx*:={y|x~"y}

Qualifier Saturation  I' b g* := Uyeq x*
Unary Logical Relations

=0 |3,¢:(V,L)

scey L cdom(Z) AL Cdom(X) A (VEeL.S(e) =5 (¢))

o:3 % dom(o) = dom(Z) A (V¢ € dom(c).IV.E(¢) = (V,2) A o(£) € V A L(a(2)) € @)

WS 0) © Lv) € dom()

WF(pL) def p € dom(Ty) where I' = Ty, x : TP, T, for some T

oc—1Lo’ = Vtedom(o).t¢L=o(t)=0'()

V[[Bool]] = {(H, %, ¢)}
VI[[Ref T?]] = {(H, %, ¢) |WF(Z,8) A (3V,2(£) = (V,2) A (VX,0.L(0v) C @ =
(veV & (H, ¥, v) eVI[TI)))}

Vi(x:T%) - U]

((H, =, (H', Qx.0)9)) | WE(S (H', (Axe.)D)) A (Vo,0", 5. (D) S =llallw &' A
o’ 3 A (H, %, 0) € V[[T]] A @ L(v) C [$1lg Yses (g1l Yses [[qllar =
0", 0. H; (x,0), o/, t o, 6" A" :Z" A CI'A
(H, 2, ) eV[[UIA
G L@) < ([F\x1lg N [[glla’) Yxer L(v) User [[gllar User dom(3’)) A
® 0’ = gl v L) 0}

{(H, 2, t)|VYo.0:2 A3d",3,0.H,0,t|d,0 Ao :Z ASCIA
(H, ¥, o") e V[[T]] A L(') C [[¢ Nplla Ysep dom(Z) A 0 [lellu 0}

E[[T?]],

G[[T?]] = {(H,2)|dom(H) =dom(T') A ¢ C dom(T') A Invo(T,H,%, ¢) A Invs(H, 2, ¢)}
Inve (T, H,%,¢) = Vx,T,p.T(x)=TP = WF(pL) A (x €@ = (H, %, H(x)) € V[[T]]) A
(¢¢p = L(H(x)) < [[plla)
Invs(H,%,¢) = Vp.p'.pSo Ap S = [[pllanllp' Na € [[p*np'*llu

Fig. 5. The value interpretation of types, terms and typing context interpretation for )LE . Differences from Ap
(in Fig. 2) are highlighted. Qualifiers s and r may include the self-references marker &, and are used to specify
function domain and codomain. The notation ¥ =1 3’ means the RST introduced in Section 2.

variable reachability and qualifier saturation, which compute all reachable variables transitively. In
addition, the predicate WF(pL) for x : T? € T'? (defined in Fig. 5) prohibits cycles in qualifiers, as
the typing context is extended with the binder (in a A term), where a parameter’s qualifier is in the
same scope as the A term. Thus, cycles in qualifiers are not syntactically well-formed.

3.3 The Logical Interpretation of Types and Terms

The definitions of logical interpretation of types and terms are shown in the middle of Fig. 5. They
follow a similar logical structure as for Ag in Fig. 2, but are enriched with the knowledge about
reachability specified by the qualifiers in types (highlighted).

We use the notation Uy, to denote the conditional set union operator, i.e., if the predicate b is true,
the operator performs a union of the left- and right-hand operands; otherwise, the result defaults to
the left-hand operand only. Let p be a reachability qualifier that may include the freshness marker 4
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and the self-reference marker &. We write p to denote dropping the freshness and the self-reference
markers in p, resulting in the set of variables appearing in p, i.e, p := p\ (¢, 0).

Interpretation of Reachability. Fig. 5 (top) refines function L(v) that computes reachable
locations from value o for A3. The definition follows that for Ap (Fig. 2), except for function values.
Here, reachable locations from a closure record (H, (Ax.t)?) include those from its qualifier, i.e.,
[[q]lz, which computes reachable locations from variables in q. We often write [[g]]y for the
reachable locations from a closure record when the context is clear.

Well-Defined Reachable Locations. To use the reachability information in logical definitions,
we use the predicate WF(Z, v) (shown in Fig. 5) to guarantee reachable locations from a value v
are well-defined w.r.t. a store typing 2, i.e, L(v) € dom(Z). For example, a location ¢ can only
reach itself. Thus the predicate WF (3, £) checks £ € dom(X). For values of type Bool, their reachable
locations are the empty set. So their well-defined predicates are trivially true, and thus are omitted
from its value interpretation.

Reference Types. The value interpretation of reference type Ref T ? are store locations that hold
values of type T, and their contents reach the empty set of locations. Comparing with Ap that only
allows references to hold Boolean values, here, references can store any typeable values as long as
they reach the empty set of locations.

Function Types. The logical interpretation of function type (x : T®) — U” is defined in Fig. 5,
where s, T and U are closed under value environment H. Their closedness predicates are omitted in
the figure, and in the logical definitions in the subsequent sections. The qualifier of the return value
may include parameter x, as well as the freshness and self-reference markers. The qualifiers of a
function and its argument specify how the argument value communicates with its function value
(formula (2)). Here, we discuss several examples in Wei et al. [2024]’s work against the formula.
Consider the following reachability-polymorphic identity function:

def id(x: T*): T = x /7 ¢ ((x: T%) = TUH)?

The type specifies that id cannot reach anything from its context (¢ = @ in (2)), and accepts argument
values that may reach separate locations from what id reaches (s = ¢ in (2)). Thus, the id function
accepts any values of type T.

A different parameter qualifier specifies permissible overlapping between functions and their
argument values. Consider the following variants of id which capture some variable z in the context:
def id2(x: T ): 70 = {val u =z; x } /7 (i T ) = O
def id3(x: T¢#): T = {val u = z; x } /7t ((x: T2 = TU) (2
The qualifiers on the function types and their parameters specify the reachability assumption that
the implementation can observe about its context (g = {z} in (2)), and about any given argument
value, respectively. Function id2 accepts arguments reaching anything that does not (directly or
transitively) reach z (s = 4 in (2)), and id3 permits z in the parameter’s qualifier, i.e., allowing any
argument (s = {#,z} in (2)).

The reachability qualifiers of return values express how they communicate with arguments and
function values (formula (3)). Consider the following function that mutates a captured reference
cell and returns the argument (here, ¢ = {c1}, s = {c1, ¢}). We annotate that the argument x is
potentially aliased with the captured argument c1 but apply the function with argument c2. Our type
system would not propagate such imprecision by tracking one-step reachability. The return type
only tracks the argument x (r = {x} in (3)), meaning the return value reaches what the argument
reaches. When applying different arguments to the function, precise reachability is retained:

. // el TN oy i)
def incr(x: T *)y: T0F = £ el i= 1l + 1; x } // & ((x: TEH*h) = 7O {cl
incr(cl) /) ¢ Tl
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Semantic Typing

I'(x)=TP xX€@ I'? =t :(RefT?)P
I'? | c: Bool? (r-esm I?Ex:T* (rvan) I?t:T? (1)
: : T-:1=

T? =t =0 : Bool ?

(T, x : T#Nsla/oDVees)d'x 1= . prid'/o]

q :‘ﬂ?q scq (1-ABS) ['% |= t; : Bool 11
I E (Ax.t)? : ((x:TS) - U4 T% = t, : Bool %2
re T5) 5 U P fEe REP o)
= zLl~£(x'~ ) — ~) ¢+és,0 r? |= tlgtz:BOOlz
I’ =t:T° 0CSCo FCox x ¢ tv(U)
(T-APP)
T? |= t; tp : UTlo/xp/?] I?|=¢:TP
p1 € p2 € dom(T)
T?=t:((x:T$) >U"N)P eses x¢tv(U) P3 = P2 Ysepvecp, ¢
T?Et:T° Ogs=prNoxCs §Co FCox T7 TP (T-suB)
(T-APP#) =5
T? =t ty: U rlo/xp/ol
I¢|=t:UP x€p
T |=¢t:T? ( ) T |=t:(RefT?)P ) F(x)=T7 qCe¢ (r-50B-vAR)
T-REF —_—— (7! -SUB-
T | reft: (RefT?)* T¢|=1t:T% ret:urlaixl
Qualifier Substitution rip/x]| |rlq/o]
rlp/x]=r\{x}Up xer rlg/o]l =r\{6}Uq oer
rip/x]=r xér rlg/o]l =r o¢r
Qualifier Shorthands p.g=pUgq x = {x} ¢ :={e¢} & :={6} wp:={e}U{0}Up
pUpq:=b=true? p,q: p p=p\(¢,0)

Fig. 6. Semantic typing rules for AE. Qualifiers s and r may include the self-references marker ¢, and are used
to specify function domain and codomain.

incr(c2) // : T « precision retained

The logical definition precisely captures our crucial design that has the freshness marker ¢ in
qualifiers to explicitly communicate (non-)freshness, which is preserved by dependent application
and substitution [Wei et al. 2024] (see rule T-App+4 in Fig. 6).

If the argument’s qualifier includes both the self-reference and the freshness markers, any
argument values of the proper pretype are allowed. If the self-reference marker appears in the
return value’s qualifier, as in the cell example in Section 2.1, it means the return value can reach
whatever the returning closure reaches.

The Term Interpretation. The term interpretation also adds the interpretation of reachability
for its result values v. If the result value v is not fresh, then we check that its reachable locations
are bounded by those from the reachability qualifier observed by the observation ¢, i.e., ¢ N p;
otherwise, it may additionally include fresh locations dom(X). The preserved store values are those
not reachable from observation ¢.

3.4 The Compatibility Lemmas, Fundamental Theorem and Adequacy

The semantic typing judgment is defined as T'? =t : T? def V(H,2) € G[[T?]].(H, %, t) €

E[[T?]],, meaning that term ¢ inhabits the term interpretation of type T# under any value envi-
ronment H and store typing X that satisfies the semantic interpretation of typing context G[[T *]].

Fig. 6 shows the semantic typing rules. For readability, we often drop the set notation for qualifiers
and write them down as comma-separated lists of atoms. Each of the rules is a compatibility lemma,
and has been proved in Rocq. The syntactic typing judgments have the form T? + ¢ : T?. The
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syntactic typing rules have the same shape as the semantic one, but turning the symbol |= (in Fig. 6)
into the symbol .

We have proved the compatibility lemmas, fundamental theorem and adequacy for A3. The
fundamental theorem follows immediately from the compatibility lemmas, and adequacy, semantic
type safety, and termination follow from the fundamental theorem and the definition of semantic
term interpretation in Fig. 5.

To keep the exposition consistent with prior work [Wei et al. 2024], we extend A§ with subtyping.
See the extended version of this paper for the details [Bao et al. 2025].

Encapsulation. Now, we study encapsulation property demanded for rule f-EQu1v in Section 5.
The typing judgment T'? + ¢ : T? expresses encapsulated computations, which are logically
characterized by the following lemma:

Lemma 3.1 (Encapsulated Computations (A%)). IfT? + t:T?, thenV (H,3) € G[[T?].VY'.% =

Y = (H,3,t) € E[[T?]lo.
The lemma expresses that expression t is valid at type T? w.r.t. arbitrary store typing, including
the empty one. Note that term ¢ can be an implementation of an abstract data type, which may
internally allocate new store locations. The empty qualifier (in T ?) dictates that t’s evaluation
result cannot be tracked, hence are encapsulated.

3.5 Extension with Higher-Order Mutable References (1*)

As presented so far, A3 only supports first-order mutable references, i.e., mutable references cannot
hold values that contain references to other store locations. In this section, we introduce A*, which
extends A} to support higher-order mutable references. We outline the major differences from A}
here. The complete definitions can be found in the extended version of this paper [Bao et al. 2025].

The A* Language. We relax the restriction on referent type T ? for mutable references, i.e., a
referent’s type can now carry a reachability qualifier T 9, indicating that the referent is a non-fresh
value of type T, and may reach locations specified by q.

Following A%, a store typing maps from locations to pairs of semantic types and reachable
locations. Let £ be a location in store typing X, such that X(¢) = (V,L), for some V and L, where V
is its semantic type, and L prescribes the set of locations reachable from the value stored in location
{. As location ¢ can indirectly reach some locations in a store, following prior work [Wei et al. 2024],
we use location saturation, written as LL§, to transitively compute reachable sets, and demand that
the saturated reachable locations from the content is a subset of the saturated ones from L. In
addition, following the syntactic typing rules that disallow cyclic references [Wei et al. 2024], our
logical definition requires that earlier allocated locations cannot reach those allocated later, which
is defined in o : 3, i.e, V¢’ € L. £’ < £. Here, store locations are ordered by their allocation time.

The Logical Interpretation of Types and Terms. The definitions of the value interpretation
of types, terms, and typing contexts follow A*, but taking location saturation into consideration.
For example, the predicate WF(Z, v) is refined to ensure all the indirectly reachable locations are
well-defined w.r.t. a store typing, i.e, WF(Z,0) = L(v)5 C dom(Z).

Similarly, in the definition of value interpretation of Boolean and function types, and term
interpretation, the reachability properties defined by L(v) and [[¢]]# for A} are now defined using
location saturation, ie., L(v)3, and [[¢q]]¥* for some store typing ¥. For example, formula (2) in Fig. 5

is refined to L(0)3, € [I§14* Uses gl Uses TqllZ".

Values of reference type Ref T 7 are store locations #, where their contents may change over time,
but must always be of type T. The qualifier g allows the reasoning to time travel back and forth
between two store typings as long as they agree on the reachable locations from the referent. Thus,

the value interpretation of reference types in Fig. 5 is refined to (VX’,0. X =1; X' AL(v)5, C L5, =
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Semantic Typing

I?|=t;: (Ref TP1)P
re|=t:749 q< ¢ J

I?=t:(Ref TP gcCo I?EnR:TPL pice

(T-REF) =@ (e
F‘p|:!t:Tq T? =t =t : Bool?

Fig. 7. Selected semantic typing rules for A*. Differences from AE are highlighted.

T-:=
T? [=reft: (RefTY) %] )

(veV & (H, ¥, v) € V[[T]])), where L5 is the logical interpretation of g, i.e., L. = [[q]] 5. The
definition can be found in the extended version of this paper [Bao et al. 2025].

The Time Travelling Property. The time travelling lemma (Lemma 2.3 in Section 2) is refined
with saturated locations as follows:

Lemma 3.2 (Time Travelling (A*)). If (H,3,0) € V[[T]], and X =1(); 3/, then (H,3',0v) € V[[T]].
The lemma allows the validity of the value v at type T to be preserved from store typing X to
another ', as long as they agree on the saturated locations reachable from value v.

The Compatibility Lemmas, Fundamental Theorem and Adequacy. The definition of se-
mantic typing judgment follows what was defined for A3 in Fig. 5. Fig. 7 shows the selected semantic
typing rules. Following prior work [Wei et al. 2024], the type system supports a restricted form of
nested references: only non-fresh values can be stored/read from/written into in a reference (T-REF,
1-! and T-:=). As referent qualifiers are invariant, store typing is monotonic. Each of the semantic
typing rules is a compatibility lemma, and has been proven in Rocq.

We have proved the compatibility lemmas, fundamental theorem and adequacy for A*. The
fundamental theorem follows immediately from the compatibility lemmas, and adequacy, semantic
type safety, and termination follow from the fundamental theorem and the definition of semantic
term interpretation.

Encapsulation. The encapsulated computation lemma for A% (Lemma 3.1) remains valid for A°*.
Its formalization is similar, and thus is omitted.

Discussion 1: Modeling Key Features in Prior Work. Our logical relations for A* models a
major subset of Wei et al. [2024]’s A* system. We summarize the differences as follows:

(1) Self-References: As mentioned previously, we use a self-reference marker , instead of
formalizing self-references Af as a binder of a A term as in Wei et al. [2024]’s work. However, this
simplified formalization retains their key feature, i.e., the lightweight form of qualifier polymorphism
which is achieved by rule T-Apr4 in both works.

(2) Deep Substitution: As mentioned previously, to simplify the formalization, our T-APp rule
does not consider deep substitution as theirs does. This restriction is purely technical, and does not
appear to impact expressiveness in any significant way [Jia et al. 2024] as deep references can also
be modeled indirectly via chains of argument and self-references.

(3) Reference Rules: In addition, our references rules require that a reference’s qualifier be
bounded by observation ¢. This property is not explicitly specified in their system, but can be
inferred from their tying rules. Thus, our reference rules are semantically equivalent to theirs.

Discussion 2: Termination. Our semantic is parameterized over a fuel value that bounds the
steps that the execution is allowed,; if it runs out of fuel, timeout will be returned. In this setting, we
prove termination by providing enough fuel for the execution. In addition, proving termination in
the presence of higher-order mutable references requires some constraints: the qualifiers attached
to a store location prohibit storing any values that may reach the location itself, thus excluding
cycles. This is a limitation in prior work [Wei et al. 2024] we discovered, leading to programs like
Landin‘s knot [Landin 1964] not being typeable. See [Bao et al. 2025] for details.

Discussion 3: Strong Type Soundness. Prior works [Bao et al. 2021; Wei et al. 2024] proved
syntactic type soundness using small-step semantics, where reachability properties are checked
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Unary Logical Relations AL
VI[(x:T*) S U = {(H, 5 (H, Qx)T)) | -+ A 0/ [xll Usee o Uoce (lall" 07
E[[T? ellp = {(H, 2, t) | --- Ao—=llenel o’}

Semantic Typing Rules

e p
r¢|:t1;(x;TSﬁ>Uf) e O=[o/x.p/6] TPEL:T%e o¢s=psnos=Cs
¢€s SCo x ¢ tv(U) & C @,x FCox 0 =[0/x,p/o]

3 (E-APP-4)
T? =t1t: U™ (1> e3> g3)0
I'? =t :(Ref TP1)P g TP =t : TP g pr1Co (5-0) T?|=t:(RefT?)P ¢ qg(p( )
E-i= E-!
[?|=t;:=t;:Bool? e1 > e3> p I*Et:T9¢
Syntax ¢ € Pp,(Varw{o}) Flow-Insensitive Sequential Effects Composition e1> gy =g Ugy

Fig. 8. Effect interpretation and selected typing rules for A?. Differences from A* are highlighted. Effect
qualifiers () are finite set of variables, and may include the self-reference marker &. The effect composition
(e.g., €1 > £2) is defined as set union (i.e, £1 U &2).

for intermediate values through their preservation theorems. In contrast, our work extends the
big-step semantics |} to a total evaluation function, making a distinction between timeout, errors,
and normal values, leading to strong soundness results [Amin and Rompf 2017]. In particular,
we define reachability properties as invariants in the value interpretation of types and terms in
the logical framework. The fundamental theorem is proven by induction on the type derivation
(T'? + t: TY), where each case is the corresponding compatibility lemma (i.e., semantic typing
rule). Therefore, the reachability properties are also verified for each sub-expression.

3.6 Write Effect System Extension (1?)

In the previously presented frameworks, any reachable location could be modified while evalu-
ating an expression. This section presents A? that adds observable write effect qualifiers to track
which locations are modified, as opposed to just read or, e.g., passed as argument without being
dereferenced. This gives us a stronger store value preservation property than previous frameworks.

Effect Types. The syntax of effect qualifiers are shown in Fig. 8 (bottom). Effect qualifiers () are
finite sets of variables, and may include the self-reference marker 6, denoting the locations (in the
pre-state) that may be modified during computation. Function types carry effect qualifiers ¢ for
their latent effects.

Logical Interpretation of Effects. Fig. 8 shows the interpretation of function types and terms
that includes effects, which are highlighted in the figure. Consider the following example:

. // cli T, c2: T
def f (x: T*) = {cl :=!x+ 11} //: ((x:xT*) =>1 ()t}
f(c2) /7 0 () cl
The function f has its latent effect on the variable c1, meaning that its body can only modify the
locations reachable from c1, as shown in the highlighted formula in Fig. 8. When the function
is invoked, i.e., f(c2), the effect is just c1 as well, according to rule E-app-4. In contrast, without
the effect extension, A* approximates the write effect to what the argument and function reaches.
As a result, f(c2) would induce effect on both c1 and c2, leading to a weaker value preservation
property, as illustrated by formula (2) and term interpretation in Fig. 5.

Other definitions follow A*, and are omitted in Fig. 8. See the extended version of this paper for
the complete definitions [Bao et al. 2025].
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Semantic Typing Judgment and Rules. The definition of the semantic typing judgment is
definedas: T? E¢t:TP ¢ def (H,%) € G[[T?]l.(H, %, t) € E[[T? ¢]l,. It means that term ¢ inhabits
the term interpretation of type T? & under any value environment H and store typing ¥ that
satisfies the semantic interpretation of the typing context G[[T ?]], which follows A*, and can be
found in the extended version of this paper [Bao et al. 2025].

Fig. 8 shows the selected semantic typing rules for A?, extending those of A* with observable
write effect qualifiers (¢), denoting the set of locations (in the pre-state) that may be modified
during the execution. The effect rules are straightforward: the final effect of a compound term
combines the effects of sub-terms with the intrinsic effect of this term. For example, the effects of
assignments (rule E:=) consist of two parts: (1) the effects £, and &,, which are those of sub-terms,
and (2) the effect p, which denotes the reachable locations from variables in p being modified. The
final effects are sequential composition of those effects. In a flow-insensitive effect system like A?,
the composition is defined as set union . ? See [Bao et al. 2025] for the complete rules.

Fundamental Theorem and Adequacy. The syntactic typing judgments have the formI'? + ¢t :
T? &, and the typing rules have the same shape as the semantic ones, but turning the symbol = into
the symbol . We have proved the compatibility lemmas, fundamental theorem and adequacy for
A?. The fundamental theorem follows immediately from the compatibility lemmas, and adequacy,
semantic type safety, and termination follow from the fundamental theorem and the definition of
semantic term interpretation.

Encapsulation. The encapsulated computation lemma for A! demand that an encapsulated
computation does not induce observable effects. See [Bao et al. 2025] for its formalization.

4 Contextual Equivalence via Binary Logical Relations

We now switch from modeling soundness, termination, and other properties of a single expression
to properties concerning pairs of expressions, specifically notions of observational equivalence. Thus,
we extend our unary logical relations for A* and A? to binary logical relations, with the intention
that semantically equivalent values and terms are exactly the ones that will be logically related. We
formalize their judgments into one, as A? only adds conditions regarding effects. For example, the
typing judgment is written as T # |£ T? ¢!, where formula [¢! applies only to A?.

4.1 Contextual Equivalence

Two programs are contextually equivalent if a well-typed program context cannot distinguish
between them, i.e., they have the same observable behavior. Here, we define contextual equivalence
to verify equational rules (Section 5). A program t; is said to be contextually equivalent to another
program tp, written as T'? |= #; = tp : TP [g], if for any program context C with a hole of type
T? ¢l if C[t;] has some (observable) behavior, then so does C[#;]. The definition of context C is
shown soon. Following prior works [Ahmed et al. 2009; Timany et al. 2024], we define a judgement
for logical equivalence using binary logical relations, written as T ¢ |= t; =jog 1 : T? ).

Unlike reduction contexts, contexts C for reasoning about equivalence allow a “hole” to appear
in any place. We write C : (['?;T? &) = (I"?;T’?" ¢’ )) to mean that the context C is a program
of type T'?" ¢’ (closed under I” ?") with a hole that can be filled with any program of type T? ¢!
(closed under T'?). The typing rules for well-typed contexts imply that if T? + ¢ : T? (¢ and
C:(T%TP &)= (I'?;T'? &) hold, thenT'? + C[t] : T'?" & . Selected typing rules for
well-typed contexts can be found in the extended version of this paper [Bao et al. 2025].

0ne could also incorporate a flow-sensitive effect system, as suggested by Bao et al. [2021], to model more complex effects.
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Relational Worlds, Well-Defined Relations and Store Typing
Y= @|3¢:L
o:3 % dom(o) = dom(3) A (V£ € dom(Z).L(c(£))s € 2(E)% A (Y € (0).0/ < £))
WR(W,L,.L) € (L,L’) € dom(W) A (Ve 6, (1,6) € f= (f €L &= & e L))
W= W€ WRW,LL) A WROW/,L,L') A Wy =L W] A Wy =10 W) A
(V el b e ]L’.W([l,[z) = Wv([l,fz) :W{J(fl,fz)) AN
(V(l el, b e L. (fl,fz) eW e ([1,(’2) € W,)

def
(61,02) : W E 01 : Wi A 02 : Wy A (Ve 6, Wl &) = (0(8),0(8)) € Wy (&, &) A
WR(W, o1 (1), 02 (£2)3y,))

Fig. 9. Definitions of relational worlds, well-defined relations and store typing for binary logical relations.

Two well-typed terms, ¢; and ¢;, under typing context I'?, are contextually equivalent if any
occurrences of the first term in a closed term can be replaced by the second term without affecting
the observable results of reducing the program, which is formally defined as follows:

Definition 4.1 (Contextual Equivalence). Term t; is contextually equivalent to t,, written T ¢ |=
f1 ey b2 2 TP e, ifT? vty : TP &, andT? v t, : TP (&, andVC : (T*TP &) >
(2;Unit? [@).C[1] | = Clt.] |.

We write t | to mean term ¢ terminates, if t, @, @ || o, o, for some value v and final store o.

The above definition is standard [Ahmed et al. 2009] and defines a partial program equivalence.
Since we focus on a total fragment of the systems here, program termination can not be used as an
observer for program equivalence. We thus rely on a refined definition of contextual equivalence
using Boolean contexts, which is defined in the extended version of this paper [Bao et al. 2025].

4.2 The World Model

Following other prior works [Ahmed 2004; Benton et al. 2007; Thamsborg and Birkedal 2011], we
apply Kripke logical relations to our systems. Our logical relations are indexed by types and store
layouts via worlds, generalized store typings relating two stores. This allows us to interpret Ref T 9
as an allocated location that holds values of type T 9. The invariant that all allocated locations hold
well-typed values w.r.t. the world must hold in the pre-state and be re-established in the post-state
of a computation. The world may grow as more locations may be allocated. It is important that this
invariant must hold in future worlds, which is commonly referred to as monotonicity.

World, Relational Worlds & World Extension. As discussed in Section 3.5, our store layout
is specified by the logical interpretation of reachability qualifiers in a store typing, and is free of
cycles. The notion of world for our systems is defined as:

Definition 4.2 (World). A world W is a tuple (21, 2, f, V), where

e X and 3, are store typings defined in Fig. 9,
o f C (dom(Z;) X dom(Xy)) is a partial bijection.
o V C (dom(Z;) X dom(Z,) X VX V).

A world is meant to define relational stores. The partial bijection captures the fact that a relation
holds under permutation of store locations. The notation V maps from pairs of locations to semantic
types. A semantic type is a set of values (V).

W= (21,2, f, \A/) is a world, we refer to its components as follows:

W(f, ) =

dom{(W) = dom(Xy) domy (W) = dom(Xy) dom(W) = (dom(X1),dom(22))
Wy =34 Wy =3, Wy =V

{([1,{’2) € f ¢ €dom(Zq) and £» € dom(23) and when defined
1

otherwise
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Binary Value Interpretation of Types and Terms

V[[Bool, Bool]] = {(H, W,c,c)}
V[[Ref T, ,Ref T,72]] = {(H, W, 01,&) | W(t1, ) A D WRW, {&1},{&}) A (W(&) = [lgill g, A
Wi(t’i):,\,i c t’i{}\,l_ A(Voy, 05, W, 01,0 (0],00) : W AW S(W1 @)y, Wa(2)jy,) WA
L(0)iy, € Wilt)y A @ WROW, L(0](8))jyp L(o3 (82))iy) =
((v1,2) € Wy (o1, £) &= (H, W,o0,02) € V[[T1,T2]])))}

VI T™M) —> Ut = {(H, W, (Hi, (Ax.t) D), (Hz, (Ax.22)92)) | 3 WR(W, [[qu ]I, g2 11 A

. TS2 2, r2 r AN ’ — ’
(x:T,%) - U, %] (Yo1, 03, W', 01, 07. (07,05) : W AW _([[q1]]g;‘*,[[qz]]2?*) W’ A

@ WR(W’, dom; (W), domy (W) A (H, W',1,02) € VI[[T1, To ]I A
L(o)yy, € IS Use, 1011 Ures; @il =
(IW", 0/, 0,0}, 0. t1, Hi; (x,01), o] U o], o] Ata, Ho; (x,02), 0y | 05, o)/ A
W' E W’ A WR(W”,dom; (W), domy (W) A (67',05) : W’ A
(H, W, 0/, 8}) € V[[Uy,Ua]] A
L(UQ)Q,;_/ € (7 \x 1y, N [[gi 1)) Yxer, L(UQ)@,;, User, [lailly;
User;dom(W7) A

o; = llally U L)y, 0] 07 let\xlly" Uxee, o1y, Vsce, il 077)) }

E[[T? elle = {(FI, W, t1,t2) | YV o1,02.(01,02) : W A AW, 01, 05,01, 02. 1, Hy, o U o, o)A
ta, Hy, 03 |l 03, ) A WE W A WR(W/, dom; (W), domy(W')) A (ol,04) : W’ A
(H, W,o1,02) € VIT.TIl A L(w)y € [[9 NP1}~ Usep dom(Wi) A

’
1

A o= o]l 03) (o1= llenely” o] A ae=llpnelll o) }

(o1=llelly o
G[[T?]] = {(A,W) | dom;(H) = dom(T) A ¢ € dom(T') A Inv, (T, 0,H,(p) A Invs(W,I:I,tp)}
Inve(I,W,H,9) = Vx,T,p.T(x) =TP = WF(pL) A (x € ¢ = (H, W, H;(x),Hy(x)) € V[[T,T]]) A
) (#gpApConrxeco=LEH ), ClpIN) o
Invs (W, H,9) = Vp,p'.p S o Ap" Co A pxnp’= C o = [N N [[p 1y € [p=np 115

Fig. 10. The binary interpretation of types and terms, and semantic context interpretation. The highlighted
formulas in teal are assertions on well-formed relations, and related values. Formulas in and in gray are
exclusively for A* and A?.

If W and W’ are worlds, such that dom; (W) Ndom;(W’) = domy(W) N dom,(W’) = @, then W
and W’ are called disjoint, and we write W; W’ to mean extending W with a disjoint world W’. Let
o1 and o, be two stores. We write (o1, 02) : W to mean the stores are well-defined w.r.t. the world
W, which is formally defined in Fig. 9.

Similar to the unary versions, we define relational worlds, written as W =1,y W’ to mean that
types and relations are preserved over two related worlds at a pair of locations (L,L’). Note that
the pair of locations can not be arbitrary. Consider related locations at world W, e.g., (#1, ) € f.If
£, € L,but £, ¢ L', then the relation is broken, resulting in ill-defined relational worlds. Thus, we use
the predicate WR (defined in Fig. 9) to make sure the relation is defined in both directions. In other
words, #; must be related to some location, and it cannot be related to more than one location. Fig. 9
summarizes the definitions of these notations. We write W £ W’ to mean W = (dom, (w),dom, (w)) W'-
The definition of world extension satisfies reflexivity and transitivity.

4.3 Binary Logical Relations for A* and 1}

This section presents the definition of binary logical relations for our systems, as shown in Fig. 10.
In the figure, we use the subscript i in formulas to refer to both programs when the context is
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clear, where i = 1 or 2. For example, in the value interpretation of reference types, we write
W(t) = [lqill 5, to mean W(&) = [lqull A W(&) = [[g2]1 5,

In the figure, the highlighted formulas in teal are assertions on well-formed relations, and related
values. Formulas in and in gray are exclusively for A* and A? respectively. As in their unary
counterparts, A* interprets observations as an approximation of write effects, and A? establishes a
stronger value preservation property with explicit write effect annotations.

The Binary Value and Term Interpretation. As our systems use dependent types, we consider
two related values at two equivalent but not identical types. For example, in the proof of rule
B-EQUIV in Section 5.2, we relate two types across substitutions. Thus, our relational interpretation
of type T is written as ‘V[[T, T]], which is a set of tuples of form (I:I, W, 01, 05), where Hisa pair of
relational value environments (defined in Fig. 10, bottom), W is a world, and v; and v, are values.

A pair of Boolean values are related if they are both true or false. A pair of locations are related
if they store related values, in addition to their unary counterpart. Two closure records are related
if applying their enclosing A terms with argument values that are related at the domain type,
their reduction results are related at the codomain type. In addition to the unary counterpart, we
use predicate WR to ensure that the relations on the locations reachable from related values are
well-defined, e.g., @, @), ® and (@ in Fig. 10.

Two terms are related if their reduction results are related at the given types.

Example: Re-ordering (part 1). In the following example, we assume three distinct Boolean
references cy, ¢; and cs. The two sub-programs t; and t, update references c; and c, respectively,
and are typed in the A? system that tracks observable write effects: 1

[ €126 1 ¢q : (Ref Bool)¢t T €126 ¢y : (Ref Bool)¢? T €1:€2%  ¢3: (Ref Bool)®

t def c1 =lc3 Aley T8 1 : Bool ¢q

1o dgf ¢y =!lc3 Alep '€ v ty5: Bool ¢y
The goal is to show that t;; t; and t,; t; are logically equivalent: T' €0 |= t1;ty =4 to;ty : Bool ¢y, c,.
Let (H, W) € G[[T >¢>%]]. By the definition of typing context interpretation in Fig. 10, we know
that (H, W, H;(c;), Hz(c;)) € V[[Ref Bool, Ref Bool]], where i € {1, 2,3}. By the definition of value
interpretation of reference types, we know that there exists three pairs of locations (referred by
the three references), which are related in the world W (formula (1). Thus, each pair of the related
locations stores a pair of equivalent Boolean values (formula (2) in Fig. 10), where all the referents
(boolean values) reach the empty location, satisfying the premise of formula (2) trivially. We can
prove the equivalence by applying Theorem 5.1 in Section 5.1.

The Time Travelling Property. Similar to the unary versions, our relational reasoning can time
travel back and forth from a past world to another (possible future) one as long as they agree on
pairs of reachable locations from the given values:

Lemma 4.3 (Time Travelling for Binaries). If (a1, 02) : W, and (H, W,01,05) € V[T, T']], and
WE(L(Ul)’{/VI,L(UZ)%) W, then (H, W, 01, Uz) € (V[[T, T,]]

This lemma allows us to prove the validity of a pair of values preserved w.r.t. a constructed world
in the proof of rules RE-ORDER-A*, RE-ORDER-A? and S-EQUIV in Section 5.

4.4 The Compatibility Lemmas, Fundamental Theorem and Soundness

Fig. 10 (bottom) defines the interpretation of typing contexts. In the definition, H ranges over a pair
of relational value environments that are finite maps from variables x to pairs of values (v, v;). If
H(x) = (v1,0,), then H;(x) denotes v; and H,(x) denotes v,. We write dom; (H) and dom, (H) to

1Conjunction can be encoded by our sequence terms.
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Equational Rules

TP+ t;:BoolPt T% + t,:BoolP? ¢ C@ ¢2C¢ @xN@ex=0

(RE-ORDER-A*)

re |: t1; 1 Xlog ta; 1 :BOOI®

TP b t;:BoolPt ey TP v t3:BoolP? e, @1 C@ @2C¢ @xNekx=0 @xNex=0

RE-ORDER-1?
( & T = t138 ®log ty;ty : Bool? & > &
(T, x : TON6La/eDVseso)d'x g7l ol g g/ o] T2+ 1:T% @
d=¢nqg §cq 0=[o/xq/0]
re [= (/Isz)q/ 11 Rlog t[t1/x] - UrB £0

(B-EQUIV)

Fig. 11. The re-ordering and B-inlining rules for A*/A?.

mean the domain of the first and second value environment respectively. The binary semantic typing

judgment is defined as: T = t; Mg 1o : T2 &) & V(H, W) € G[[T?]|.(H, W, 1, &) € E[[T? €],

Theorem 4.4 (Fundamental Property). Ifl"‘/’ Ft:TP g, thenT? |t~ t: TP (g

Lemma 4.5 (Congruency of Binary Logical Relations). The binary logical relation is closed under
well-typed program contexts, i.e., if T |t Xjog 1 : TP (€], and C : (T, TP () = (I"*; T'F &),
thenT'¢" |= C[t1] ~iog Clt] : 'V &'

Lemma 4.6 (Adequacy of the binary logical relations) The binary logical relation preserves
termination, i.e., if @ |F t; Xjog t2 :T? '@, then3 0,0 ,0,05. 11, @, @ | v, oAy, @, @ | vy 0.

Theorem 4.7 (Soundness of Binary Logical Relations). The binary logical relation is sound w.r.t.
contextually equivalence, i.e., ifT? + t; : TP g andT ¥ + t, : TP [£], thenT? |E t; mjpg ty : TP g
impliesT? |Et; my tp : TP [€].

The formalization of the encapsulated computation lemma for the binary logical relations is
omitted here. We will show its use in the proof of rule f-EQuiv (i.e., Lemma 5.2) in Section 5.2.

Discussion: Example in Fig. 3. Now we provide informal justification for the safe use of unsafe
features (i.e., the assertion statement) in the example of Fig. 3, using the binary logical relation for A?.
We reduce the problem by showing the program where the assertion is substituted with !x == 11is
observationally equivalent to the one where the assertion is substituted with true. This allows us to
establish the safety of the assertion without extending A?. The reasoning is straightforward: by the
fundamental property, the two programs right before the substituted statements are observationally
equivalent, where their two local references are related. Moreover, since the effect of function f
is variable y, which reaches locations separate from variable x. Thus, the referent of x remains
unchanged, and hence, the two programs are observationally equivalent.

5 Equational Theory

This section shows applications of our binary logical relations by proving two re-ordering and
B-equivalence rules. We outline the key ideas of the proofs, primarily by presenting key lemmas
and suitable worlds definitions used in the proof. Full proofs can be found in the Rocq artifacts.

5.1 Re-ordering

Rules RE-ORDER-A* and RE-ORDER-A? in Fig. 11 permit two computations to commute. The former
is applied to A*, and requires the observations of the two terms to be separate; the latter is applied
to A?, and demands the observation of one term to be separate from the effects of the other. Here
we outline the proof of rule RE-ORDER-A?. Rule RE-ORDER-A* can be proved analogously.

In Fig. 12, the left side shows the definitions of the initial world W (top) and final world WR
(bottom), the semantics of programs Prog; = t;;t; and Prog, = t;;t; (following the two vertical
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Pre-State: W= (3,3, f, V) Store locations:
(01,02) : W 3 o @1, @2 readable by t1, I
‘ £1,€2: writable by f1, f2

o1 @.@ ®2 @@ © and @ to indicate reads

and writes have taken place

Prog;: Prog,:
ttz / \, t2;t1

R R Obligations:
t1,Hy, 01 | 0,07 ta, Hz, 02 || vp, 0 (01,02) : W

~ ~ 7Y\ ol ’ . w2
tp. Hy, 0] | v}, 07 t1,Hy, 0} L o}y oY (01,00) : W (0],02) : W

\ / Os5: 1M Og : IN
(0], 0) : W ) (01, 0) Wt )
Post-State: ¢1 QQO ®2 W= (21,50, 3, 03) o wh= (31,2 LV
N 70~

T4 INg .
. WR .
(o].0}) W (a7, 03) - wR

R _ (1 17 4.4l 3. 3.5 .74 .4 <3 .03
We= (21’22sfel,£2’f52sf%r’fgl’ffr’Vsl,sz’ng,Vfr,Vgl,Vfr)

Fig. 12. lllustrated proof that Prog; = t1;t; and Prog, = t»;t; are logically equivalent at world W. The key
obligations are (1) establishing equivalence of subterms (t1, 1) and (t2, t2) at worlds W! and W? respectively
(O1 & O3); and (2) showing the final store pairs (o7’, 03’) are well-formed w.r.t. world WXR an extension of the
inital one W (O7).

arrows), and the major proof objections (O; — O7). The bottom right shows world relations. We
write (01,02) : W =,, (01,05) : W! to mean that stores (o1, 03) and (o1, 03) are well-formed
w.r.t. worlds W and W! respectively, and worlds W' and W are related w.r.t. to ¢;. The notation
(01,07) : wlc (0],0)): W3 is defined similarly, but for world extension. We need to show that
programs Prog, and Prog, are logically equivalent at world W, where (H,W) € G[[T*]].

As shown at the top right of Fig. 12, the entire set of store locations consists of three parts: those
not observed by either the execution of term t; or t,, i.e., ¢1, ¢2, and those needed by the execution
of term t; and ¢, respectively, ie., ¢; and ¢,. In addition, #; and t; exclusively modify locations in &
and &, respectively.

Key Idea: Term Equivalence Preservation (Obligations 1 & 2). From the fundamental property
(Theorem 4.4), we know that (¢, t;)/(t1, t;) are logically equivalent at world W. Observing the
semantics in Fig. 12, term t,/t; is evaluated first in Prog,/Prog,. The key is to show that after
evaluating t,/t,, the equivalence (1, £2)/(1;, t1) still holds at some world. Informally, the observation
@2/ @1 specifies what is needed for maintaining the equivalence of (z, £2)/(1, ;) at world W respec-
tively. As the observation of one term is separate from the effects of the other, their equivalences
are preserved. This property is formalized in the extended version of this paper [Bao et al. 2025].

Well-Formed Relational Worlds (Obligations 3 & 4). We know W C,, W? and W C,, W' by
the definition of relational worlds in Fig. 10.
Well-Formed World Extensions (Obligations 5 & 6). These can be discharged by the definition

of term interpretation in Fig. 10.

Well-Formed Final World (Obligation 7). We discuss the key technical points that show world
WR is a valid extension of the initial world W, and the pair of final stores are well-formed w.r.t. WK,
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We first introduce the notations fz=;, ffz, and ffl shown in Fig. 12. Without loss of generalization,
we assume (H, W) € G[[T?]], and W = (3, > f, V), and the effect ¢ is closed at T. The notation
f= denotes that weakening the relation to the part only covered by the interpreation of ¢, i.e.,
fe={(t1, ). (&,6) € fALL €[[eNn s]]@l* ANt e [[pne] @f‘} For example, W5 denotes the
relations that are unchanged during the computation.

Now we show that f? = f; and f = f,,. This is established by W =,, W* and W* C W*, i,
W! preserves the relation from f,,,, and W* is a valid extension of W2. The notation fff means the
related locations that are fresh at world W3, i.e., V£, £,, f3(£’1, L)A€ fr(W3, Wi) Aty € fr(W3, W%)
The meaning of the notation ff‘r1 is defined similarly. Now, we can see that we construct the relation
in a mutually disjoint way, i.e, W? and Wg are well-defined, and world WX is a valid extension of
W. From Fig. 12, we know that o]’ : W} and o3 : W3. Thus, the pair of final stores are well-formed
w.r.t. world Wpg.

Theorem 5.1. Rules RE-ORDERING-A* and RE-ORDERING-A? in Fig. 11 are sound.

Example: Re-ordering (part 2). The re-ordering example in Section 4.3 can now be proved
directly by applying Theorem 5.1, where ¢; = c1,¢3, @2 = c3,¢3, ¢ = €1,Cp,C3, &1 = 1, and & = ¢y,
and the side conditions of rule RE-ORDER-A? are all satisfied.

Discussion: Stronger than Parallel Reduction. Prior works on reachability types [Bao et al.
2021; Wei et al. 2024] do not consider any notion of equivalance. The “progress and preservation in
parallel reduction® property (Corollary 4.9) in prior work [Wei et al. 2024] only shows that reduction
can proceed in parallel for top-level programs, but does not show that commuting two reduction
sequences yields equivalent results in arbitrary typed program contexts. Thus, the corollary in
their work cannot be used to justify our re-ordering rules.

5.2 fp-Equivalence

Rule B-EqQurv in Fig. 11 permits replacing a function call site ¢; with the body of the called function,
provided that ¢; is observably pure. Let Prog,; be (Ax.t)?'t;, and Prog, be t;[t;/x]. We need to
show that programs Prog,; and Prog, are logically equivalent at world W, where (H,W) € G[[T*]],
W= (21,2 f, V), and (o7, 02) : W. Recall the program semantics in the followings:

Prog,:  (Ax.t)7, Hy, o1 U (Hy, Ux.t2)7), of  t,Hi,0] I va0]  to,His(x:0a),07 | og,07"
Prog, : t[t1/x],Ha, 02 | vj, 0,

Observing the above semantics of Prog;, we know that the A-term gets evaluated first with final
store o7, such that o] : X. Then t; gets evaluated to value v, with final store o7’, such that o] : 37'.
Let W! be (37,3, £, V), and W2 be (2", 3, 1, V) By the definition of world extension in Fig. 10, we
know that W C W1, and W! C W?2. Thus, we know W C W? by the transitivity of world extension.

Now, our goal is to prove (Hy; (x : 0g), Hy, W2, ty, to[t1/x]) € E[[U™ £0]],, where 0 = [@/x,q" /&].
In Prog,, term t; may get evaluated any time during the course of evaluating ,[t;/x], where ;’s
effects may already occur. Note term t;’s observation is the empty set, i.e., establishing (, t1)
equivalence does not need any related locations in the pre-stores. We formalize this observation in
the following lemma, which is an application of encapsulated computation lemma for binaries:

Lemma5.2. If T2 + t: T? @, and (H, W) € G[[T 2], and W = (31,3, f, V), then
(H, (31,32, 2,0),t,t) € E[[T? 2]o.

From the lemma above, we know that the resulting values (v1, v2) reach the empty set of locations,
i.e., L(v;)yyc, where W€ is the resulting world and i = 1 or 2. Now we know that (v;, v;) are logically
equivalentl at any world by Lemma 4.3. The following shows the top-level semantic weakening
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lemma that captures the fact that (1) #; may get evaluated any time during the course of evaluating
ty[x/t1]; (2) v, and the resulting value from t; in Prog, are logically equivalent at any given world.

Lemma 5.3 (Semantic Weakening). IfT? r t; : T? @, and W' = (3/,3,,2, @), and (H, W"') €
G[[T?]], and (07, 02) : WY, and there exists g, 0y and XY, such that

o ty,Hy, 0] | v4,0],andL(vs) C @, and 0,— o o]’, and (0]’ : X), and 3] C X}, and
(forall H,, o-é’, ZZZ’, L.3, =Lt and (o-é’ : 2’2’) implies there exists v, 03, 35, such that

° tl,I:IZ;HZ’, ag U v;, oy, and aé’—m oy, and le’ C X%, and
We = (5/,35,2,9), and (o7, 0f) : W*, and ((H,, Hp; H}), W, 04,0}) € V[T, T, and L(va)3, € 2,
and L(v[’));g c @)

The following shows the top-level semantic substitution lemma, which uses the conclusion of
the semantic weakening lemma as hypothesis.

Lemma 5.4 (Semantic Substitution). If (T, x : T¢"Gla/eDVeesya'x 4, . yrld'/o] ¢ ¢/ /o], and
q =pNgq, and S C q',andr\x C ¢, and e\x C ¢, and W= (21,22, f, V), and W2 = (3, % f, V),
and (H, W) € G[[T ?]] and WR(W, dom; (W), domy(W)) and WR(W, dom; (W?), dom,(W?)), and
t, satisfies semantic weakening (Lemma 5.3), then (Hy; (x : va), Hy), W2 ty, to[t1/x] € E[[U"? £0]1p,
where 0 = [@/x,q’ [&].

In the proofs of Lemma 5.3 and Lemma 5.4, we give new definitions of typing context interpreta-
tion for the not-aligned value environments, and define term substitution (omitted here). Their
proofs are conducted by induction on the type derivation of t; and #; respectively.

From the conclusion of Lemma 5.4, we get resulting world W”. Let " and ¥’ be the relation and
the related values in W’ respectively. Now we construct the world as (27", 27, fz; qu; fé ; VW V:p; Vgr),
which is a valid extension of initial world W. The remainder of the proof follows similarly to the
proof of reordering and is thus omitted.

Theorem 5.5. Rule f-EQuiv in Fig. 11 is sound.

Discussion: Extensions. Rule f-EQUIV restricts the argument #; to an empty observation set,
empty reachability qualifier, and empty write effect. While effects certainly have to be excluded
(e.g., substitution may lead to duplication of #;), scenarios with non-empty observation should
also be safe, as long as t; is in the restricted form of variables or A-terms. While we have not yet
mechanized such extended cases in Rocq, a proof would need to show that the equivalence of two
terms is preserved over relational worlds w.r.t. the reachable locations from the given values, and
the hypothesis of Lemma 5.3 needs to change W'’ to (27, %2, ¢1), capturing the fact that reduction
of t; requires locations specified in ¢;. Given the experience with different reordering rules, we are
confident that our binary logical relation can mirror the full range of possible application cases,
including fresh/non-fresh arguments, self-references in the function type, etc.

6 Related Work

Reachability/Capturing Types. Prior works on reachability types [Bao et al. 2021; Wei et al.
2024] proved syntactic type soundness (progress and preservation). This paper presents semantic
models of reachability systems and establishes stonger semantic properties via logical relations.
The models in Section 3 are based on A* in Wei et al. [2024]’s work, and have already been
extended with support for subtyping and polymorphism in Jia et al. [2024]’s work. Recently, Deng
et al. [2025] refined Wei et al. [2024]’s system to support cyclic references, addressing the key
limitation identified in this paper. We leave it to future work to model cyclic store structures and
non-terminating programs using step-indexed logic relations. In parallel to this work, Bunting and
Murawski [2025] investigate contextual equivalence for Bao et al. [2021]’s system using operational
game semantics and present a full abstraction model based on a labelled transition system.
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Closely related to reachability types and also tracking variables in types, capturing types [Boruch-
Gruszecki et al. 2023; Xu and Odersky 2023] are a recent effort to integrate capability tracking
and escape checking into Scala 3. While the overall goals and design are similar, there are also
important differences. Specifically, the use of self-references for escaping values and the modeling
of freshness is unique to reachability types.

Tracking Sharing/Uniqueness/Immutability. [Giannini et al. 2019a,b] develops calculi that
infer introduced sharing during an expression’s execution. and can detect capsule references and
borrowing. Those works adopt a non-standard operational model that encodes store in the language
term. In contrast, reachability types tracks sharing as well, but uses the standard operational
semantics. [Bianchini et al. 2022] tracks sharing and mutation in a coeffect system that can model
uniqueness and immutability of references. Reachability types track sharing in qualifiers, and
mutation is tracked via the write effect extension (see Section 3.6). Language features, i.e., uniqueness
and borrowing, can be enforced by a flow-sensitive effect system, which are discussed in prior
works [Bao et al. 2021; Wei et al. 2024]. A recent work [Deng et al. 2025] introduces cyclic reference
types with dual-component that can be used to enforce read-only references. The logical relations
presented in this work does not rely on uniqueness and immutability of references.

Ownership Types. Ownership type systems [Clarke et al. 2013, 1998; Noble et al. 1998; Potanin
et al. 2006] typically enforce strict heap invariants and selectively re-introduce sharing in a con-
trolled way via borrowing [Clebsch et al. 2015a; Hogg 1991; Naden et al. 2012]. The Rust type
system [Matsakis and Klock 2014] adopts a strong ownership model. Its “shared XOR mutable”
mechanism enforces uniqueness of mutable references while allowing sharing among immutable
ones. Marshall and Orchard [2024]’s work connects Granule’s uniqueness modality [Orchard et al.
2019] and its graded model types with ideas from Rust, allowing ownership tracking in a graded
type system. In contrast, reachability types are designed to track sharing (thus separation), rather
than restrict it. The focus is on higher-level languages, where many common idioms rely on sets of
closures as an interface to interact with a piece of (shared!) mutable state. Uniqueness properties
can be enforced via flow-sensitive move effects [Bao et al. 2021; Jia et al. 2024]. In the context of
Rust, Jung et al. [2018a] developed lifetime logic to model lifetimes and borrowing in a variant of
Rust’s MIR, where programs are expressed in continuation-passing style. Their logical framework
can verify unsafe code with safe APIs for Rust programs. In contrast, our work aims to verify
equational rules using observational equivalence. We showed an informal justification of a safe use
of assertion statements by reducing the problem to proving observational equivalence (Section 4.4),
but unlike Jung et al. [2018a]’s work, our goal is not to verify safe use of general unsafe code.

Capabilities and Permissions. Capability systems [Boyland et al. 2001; Castegren and Wrigstad
2016] have been used to reason about program resources and external calls [Drossopoulou et al.
2025]. In Pony [Clebsch 2017], reference capabilities describe what other aliases are denied [Clebsch
et al. 2015b; Dodds et al. 2009], e.g., deny local/global read/write aliases. In contrast, reachability
types [Bao et al. 2021; Wei et al. 2024] do not distinguish read and write capabilities. Read-only
capabilities can be enforced via cyclic reference types with dual-component [Deng et al. 2025],
which is not modeled in this work. Haller and Odersky [2010] leverage capabilities to ensure
externally unique access with borrowing. Gordon et al. [2012] extend their work with immutable
references for safe parallelism. Their symmetric parallelism rule enforces constraints on read and
write that are similar to our rule RE-ORDERING-A?. In contrast, our system does not rely on the
uniqueness or immutability of references, but instead leverages aliasing/separation and write effects
tracking. Unique mutable references can be enforced via a flow-sensitive effect system, which has
been discussed in prior works [Bao et al. 2021; Wei et al. 2024]. We leave a thorough investigation
as future work.

Proc. ACM Program. Lang., Vol. 9, No. OOPSLAZ2, Article 338. Publication date: October 2025.



Modeling Reachability Types with Logical Relations 338:25

Step-Indexed Logical Relations. Step-indexed logical relations have been used to prove semantic
type soundness [Ahmed 2004; Appel and McAllester 2001], program termination [Spies et al. 2021;
Timany et al. 2024] and contextual equivalence [Ahmed 2006], representation independence [Ahmed
et al. 2009; Timany et al. 2024], monadic encapsulation of state achieved by runST using rank-2
polymorphism [Timany et al. 2018] for languages with general recursive and polymorphic types.
In these approaches, types are indexed by computation steps to guarantee well-founded recursions
have unique fixed points. Since all well-typed programs are guaranteed to terminate in our systems,
our LR models do not require step-indexes. As future work, we plan to extend our models to support
recursion and cyclic references, and we are interested in using the Iris logic framework [Jung et al.
2016, 2018b, 2015; Krebbers et al. 2017] to avoid manual step indexes and similar proof devices.

Effect-Based Program Transformation. Close to our approach that uses effects for validating
program transformations, Benton et al. [2014, 2007] developed denotational, semantic relational
models based on a monotonic regions and effects for a higher-order language with dynamically
allocated first-order mutable stores, and with high-order stores without dynamic allocation [Benton
et al. 2009, 2006]. Our world model is adapted from Benton et al. [2007]’s work, and our use of
observable write effects to prove observational equivalence coincides with Benton et al. [2014]’s
work. Unlike their works, we adopt a big-step operational semantics based on closures and envi-
ronments, which is closer to real language implementations. In addition, our effect system does not
track allocation effects, thus, our models assume allocation always occurs during the reduction
of a term. This design works well, as we can leverage reachability qualifiers. For example, the
absence of the freshness marker indicates values do not reach fresh locations. In this case, freshly
allocated locations cannot be reached from clients. Benton et al. [2016] developed models to validate
effect-dependent program transformations for concurrent programs, which is beyond the scope of
this work and left as future work.

World Models. Birkedal et al. [2016]; Thamsborg and Birkedal [2011]’s work defines a Kripke
logical relation based on a region-polymorphic type-and-effect system for an ML-like programming
language with higher-order mutable stores with dynamic allocations. In their work, a world is the
part of the entire store that the program controls, while our world describes the entire store, and
we use the separation of saturated reachability qualifiers/observations and observable write effects
to achieve different degrees of local reasoning. Reachability types feature lightweight reachability
polymorphism via qualifier dependent function application, and use self-references to succinctly
express if returned values are fresh, without introducing explicit quantification. Wei et al. [2024]’s
work has proven syntactic type soundness for reachability and type polymorphism (F%.).

7 Conclusion

In this paper, we presented semantic models for a family of reachability type systems with increas-
ing sets of features, and showed how reachability types naturally lead to strong local reasoning
properties. The results established, i.e., semantic type soundness, termination, effect safety, and pro-
gram equivalence, are stronger than those in prior works on reachability types. We also proved key
equational rules such as reordering and f-equivalence, providing a firm foundation for reachability-
driven program transformations. All results are proven in Rocq.

Data-Availability Statement
Rocq mechanizations can be found at https://github.com/tiarkrompf/reachability and [Bao 2025].
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